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Thermal convection in rapidly rotating, self-gravitating Boussinesq fluid spheres is
characterized by three parameters: the Rayleigh number R, the Prandtl number Pr and
the Ekman number E. Two different asymptotic limits were considered in the previous
studies of the linear problem. In the double limit E � 1 and Pr/E � 1, the local
asymptotic theory showed that the convective motion is strongly non-axisymmetric,
columnar, highly localized and described by the asymptotic scalings, (1/s)∂/∂φ =
O

(
E−1/3

)
, ∂/∂z = O(1), Rc = O

(
E−1/3

)
, where Rc denotes the critical Rayleigh

number and (s, φ, z) are cylindrical polar coordinates with the axis of rotation at s = 0.
A global asymptotic theory with novel features for the limit E � 1 and Pr/E � 1,
indicating the radial asymptotic scaling ∂/∂s = O

(
E−1/3

)
, was recently developed by

Jones et al. (J. Fluid Mech. vol. 405, 2000, p. 157). In the different double limit E � 1
and Pr/E � 1, an asymptotic theory for the onset of convection building upon the
theory of inertial waves was developed by Zhang (J. Fluid Mech. vol. 268, 1994
p. 211). It was shown that the convective motion at the leading-order approximation
is represented by a single inertial-wave mode with a quadratic polynomial of s

and z, obeying the asymptotic dependence ∂/∂s ∼ (1/s)∂/∂φ = O(1), ∂/∂z = O(1) and
Rc =O(E) for stress-free spheres.

There exist no simple asymptotic scalings for E � 1 appropriate to all values
of Pr/E. For an arbitrary small but non-zero E, the highly localized convection
spreads out spatially with decreasing Pr, suggesting that the scaling laws such as
∂/∂s = O

(
E−1/3

)
are no longer valid when Pr/E is not sufficiently large. This paper

represents an attempt to develop a new asymptotic method for the analysis of
convection in rapidly rotating spheres valid for asymptotically small E and for
0 � Pr/E < ∞. The new method is based on the following three hypotheses. The first is
that the leading-order velocity of convection for 0 � Pr/E < ∞ at E � 1 is represented
by either a single quasi-geostrophic-inertial-wave mode or by a combination of several
quasi-geostrophic-inertial-wave modes convectively excited and sustained. Secondly,
we assume that the convective motion for 0 � Pr/E < ∞ at E � 1 always has columnar
structure, i.e. ∂/∂z ∼ O(1), but without the general asymptotic scalings in the radial
and azimuthal direction. Thirdly, we assume that there always exists a boundary
flow that is non-zero only in the Ekman boundary layer on the bounding spherical
surface and plays an important role even in the case of stress-free boundaries.
Comparison between the result of the new method and the corresponding fully
numerical simulation demonstrates a satisfactory quantitative agreement for all values
of 0 � Pr/E � O(106) when O(10−5) � E � O(10−6). The new method is asymptotic
in the sense that it is valid only for an asymptotically small E � 1.

In addition to the linear problem of thermal convection in rapidly rotating spheres,
the corresponding weakly nonlinear problem is also solved to obtain an analytical
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expression for the convection-driven differential rotation generated by the nonlinear
interaction of quasi-geostrophic-inertial-wave modes through the Reynolds stresses.
The new method not only reveals the underlying nature of thermal convection in
rapidly rotating spheres but also unites the two previously disjointed subjects in
rotating fluids: the inertial-wave problem and the convective instability problem.

1. Introduction
First formulated and investigated by Chandrasekhar (1961), the problem of the

onset of thermal convection in a rapidly rotating, self-gravitating Boussinesq fluid
sphere driven by a uniform distribution of heat sources is classical and has been
extensively studied (for example, Roberts 1968; Busse 1970, 1994; Soward 1977;
Carrigan & Busse 1983; Fearn, Roberts & Soward 1988; Jones, Soward & Mussa 2000;
Dormy et al. 2004). There are perhaps three major reasons why so much attention has
been attracted to this classical problem: (i) it is of direct relevance to many geophysical
and astrophysical bodies which are rotating rapidly and convecting, (ii) with only the
two parameters involved, it represents the simplest mathematical problem for rotating
spherical convection and (iii) it provides a fundamental understanding of the general
physics and mechanisms for rotating spherical fluids. The current understanding of
the problem can be found in an excellent review article by Busse (2002).

The convection problem in rotating spheres is characterized by three physical
parameters: the Rayleigh number R, the Prandtl number Pr and the Ekman number
E. The Rayleigh number R is effectively the ratio of destabilizing buoyancy forces
to the Coriolis and dissipative forces, the Prandtl number Pr provides a measure
of the relative importance of viscous and thermal diffusion and the Ekman number
E is related to the ratio of viscous forces to the Coriolis force. In the problem of
linear convective instability, the Rayleigh number R is completely determined by the
Prandtl number Pr and the Ekman number E. Hence only the two parameters, E

and Pr, are required to describe the properties of linear convection. For applications
to many planetary fluid systems such as the Earth’s liquid core, the Ekman number
E is usually extremely small E � 1 and the Prandtl number Pr is moderately small
Pr= O(10−2) (for example, Gubbins & Roberts 1987). For a given small but non-zero
E, the primary properties of the linear convection in a sphere such as the spatial
and temporal structure of the flow are solely determined by the size of the Prandtl
number Pr.

There were a number of important studies in the earlier research on linear
convection in a rapidly rotating sphere after Chandrasekhar’s formulation of the
problem. Roberts (1968) and Busse (1970) established a local asymptotic theory for
the onset of convection valid for the double limit E � 1 and Pr/E � 1. It was
recognized that the linear convection is strongly non-axisymmetric and in the form of
columnar rolls along the axis of rotation, highly localized in the neighbourhood of a
critical cylinder whose radius is about half the radius of the sphere. The Roberts–Busse
local theory assumed the following asymptotic scalings:

1

s

∂

∂φ
= O

(
E−1/3

)
,

∂

∂z
= O(1), Rc = O

(
E−1/3

)
for E � 1 and Pr/E � 1, (1)

where Rc denotes the critical Rayleigh number for the onset of convection and
(s, φ, z) are cylindrical polar coordinates with s = 0 at the axis of rotation. The local



Convection in a rapidly rotating sphere 321

asymptotic theory requires only the boundary condition that the normal flow at the
outer bounding spherical surface vanishes. Governed by a second-order ODE for
z, the radial structure of the convection is undetermined by the local asymptotic
theory. Soward (1977) was the first to point out that the exact critical Rayleigh
number Rc for the onset of convection cannot be provided by the Roberts–Busse
local asymptotic theory. He showed that disturbances at a Rayleigh number near the
critical Rc predicted by the local asymptotic theory cannot be sustained and have to
decay with time. The decay is caused by the fact that the radial frequency gradient,
∂ω/∂s, where ω is the frequency of linear convection, is non-zero, which results in
phase mixing. When R is slightly different from Rc, the phase mixing leads to a shorter
radial wavelength and the initial growing perturbation moves out of its unstable
domain and hence decays with time (see also Soward & Jones 1983). It follows that
the correct critical Rayleigh number for the onset of convection in the limit E � 1
and Pr/E � 1 must be associated with the vanishing radial frequency gradient.

An asymptotic theory for the onset of thermal convection in a rapidly rotating
sphere for the different double limit E � 1 and Pr/E � 1 was developed by Zhang
(1994) (see also Zhang & Busse 1987; Ardes, Busse & Wicht 1997). It was shown
that the convective motion at leading order is represented by a single inertial wave
mode that has the simple structure along the axis of rotation described by a quadratic
polynomial of s and z. Buoyancy forces appear at next order to drive the inertial
wave against the weak effects of viscous damping in the Ekman boundary layer. On
the basis of the perturbation of the explicit inertial wave solution and taking into
account the effects of the Ekman boundary layer, an explicit analytical solution for
the onset of convection in the limit E � 1 and Pr/E � 1 was obtained. A quantitative
agreement between the analytical and fully numerical analysis was also achieved,
showing that the asymptotic scalings are given by

∂

∂s
∼ 1

s

∂

∂φ
= O(1),

∂

∂z
� O(1), Rc =O(E) for E � 1 and Pr/E � 1. (2)

The asymptotic theory (Zhang 1994) for Pr/E � 1 and E � 1 was recently extended
to the case of nearly thermally insulating boundary conditions by Busse & Simitev
(2004) who also point out the importance of the azimuthal wavenumber m = 1.

There have been two important recent developments in rotating spherical convec-
tion. In the linear problem, a major breakthrough in the asymptotic theory for the
onset of convection in the limit E � 1 and Pr/E � 1 was made by Jones et al.
(2000). Suggested by the linear convection in the form of strongly radial spiralling
(Zhang 1992), it was assumed that the radial scaling of the convection is given by
∂/∂s = O

(
E−1/3

)
. While the axial structure of the convection is governed by a second-

order ODE which is the same as that in the Roberts–Busse local theory, the central
issue in their asymptotic analysis is to extend the local solution onto the complex
s-plan in which the phase mixing vanishes and then to determine the criterion for the
onset of convection. Once the correct critical values of the Rayleigh number Rc, the
wavenumber mc and the frequency ωc for the onset of convection are determined,
the corresponding convection solution on the real axis is constructed such that the
solution decays exponentially to zero on both sides of s = sM , where sM is the point
at which the solution takes its maximum. They demonstrated that the fully numerical
solutions are in good agreement with those obtained from the asymptotic analysis
for Pr � O(1) when O(10−4) � E � O(10−6). However, it should be pointed out that
Pr has to be very much larger than E to be in this asymptotic regime, particularly,
when Pr � O(0.1). No satisfactory agreement between the asymptotic theory and full
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numerics has been achieved for Pr � O(0.1) even when Pr/E = O(105). An extension
of the Jones–Soward–Mussa asymptotic theory has been made to the case of linear
convection in rapidly rotating spherical shells with a larger inner sphere for Pr = 1
(Dormy et al. 2004) and to the case of linear magnetoconvection in a rapidly rotating
sphere in the presence of an imposed weak magnetic field (Jones, Mussa & Worland
2002).

In the nonlinear convection problem, motivated by explaining the observed strong
zonal flow at the surfaces of Jupiter and Saturn, a number of numerical and laboratory
experiments at large supercritical Rayleigh numbers have been carried out. Tilgner &
Busse (1997, 1998) (see also Aurnou & Olson 2001; Christensen 2001, 2002) showed
numerically that moderately nonlinear convection is dominated by the differential
rotation (the mean zonal flow) when the spherical system has stress-free boundary
conditions and the Ekman number E is sufficiently small, E � O(10−4). It was also
shown that the mean zonal flow is steady and quasi-geostrophic, nearly independent
of the coordinate parallel to the axis of rotation for moderate supercritical Rayleigh
numbers. An asymptotic nonlinear relation for large supercritical Rayleigh numbers
was estimated numerically on the basis of systematic simulations over the wide
range of the Rayleigh number (Christensen 2002). In laboratory experiments, strong
zonal flows in rapidly rotating spherical systems were also observed (Sumita &
Olson 2000; Aubert et al. 2001). Two important phenomena connected with a strong
mean flow, localized convective motions and relaxation oscillations, were found in
numerical simulations (Grote, Busse & Tilgner 2000; Grote & Busse 2001). In localized
convection, the shearing action of a mean zonal flow inhibits thermal convection such
that only in a certain region of longitude is convection strong enough to overcome
the inhibiting effect. When the effect of the mean flow becomes too strong, the local
intensification no longer suffices to offset the shearing effect on convection and the
system chooses a temporal separation in the form of relaxation oscillations. The effect
of a strong magnetic field on rotating spherical nonlinear convection was also studied
(for example, Olson & Glatzmaier 1995; Sarson, Jones & Longbottom 1998).

This paper represents an attempt to develop a new asymptotic method for analysing
the onset of thermal convection in a rapidly rotating, self-gravitating Boussinesq fluid
sphere valid for E � 1 and 0 � Pr/E < ∞. The new method follows the observation
of the two known characteristics of convection in a rapidly rotating sphere. In the
limits E � 1 and Pr/E � 1, the convection is on short length scales of O(E1/3)
and highly localized (Roberts 1968). However, in the limits E � 1 and Pr/E � 1,
convection is on long length scales of O(1) and described by a single inertial-wave
mode (Zhang 1994). Evidently, the asymptotic scalings (1) must be violated when
Pr/E decreases, indicating that there are no general asymptotic scalings such as (1)
or (2) for E � 1 appropriate to all values of Pr/E. The new method builds on the three
key hypotheses. The first hypothesis is that the leading-order solution of convective
motion in a rapidly rotating sphere for 0 � Pr/E < ∞ at E � 1 is represented by either
a single quasi-geostrophic-inertial-wave (QGIW) mode or by a combination of several
QGIW modes whose explicit analytical expression was determined by Zhang et al.
(2001). It is worth mentioning that an explicit analytical expression for all inertial-
wave modes in rotating spheroids of arbitrary eccentricity was also recently found
(Zhang, Liao & Earnshaw 2004). Secondly, we assume that the convective motion
for 0 � Pr/E < ∞ at E � 1 always satisfies ∂/∂z � O(1), but without any particular
asymptotic scalings in either the radial or azimuthal directions. Thirdly, we assume
that there always exists an Ekman boundary layer flow on the bounding spherical
surface even in the case of a stress-free boundary which is the focus of this paper.
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It should be pointed out that the new method for the analysis of convection in
rotating spheres is fundamentally different from the Galerkin spectral method which
has been widely employed in the analysis of spherical convection (e.g. Zhang & Busse
1987; Ardes et al. 1997). In the Galerkin method, we expand an unknown variable,
like the radial velocity, ur , of a linear solution with an azimuthal wavenumber m, in
terms of a certain set of functions satisfying all the required boundary conditions:

ur (r, θ, φ, t) =

[
K∑

k=1

L∑
l=m

XlkY
m
l (θ, φ) sin kπ

(r − ri)

(ro − ri)

]
eiωt , K � 1, L � m, (3)

where (r, θ, φ) represent spherical polar coordinates, ri and ro denote the radii of the
inner and outer spheres of a shell respectively, Xlk are coefficients to be determined, ω

is the frequency of convection and Y m
l (θ, φ) with l � m are spherical harmonics. There

are three essential characteristics in the Galerkin expansion (3): (i) the expansion
functions must be complete, (ii) the expansion must take the lowest-order members
of a complete set of the functions and (iii) it can be used in either non-rotating or
rotating convection in spherical systems. In contrast, the corresponding radial velocity
in the new method is written as

ur (r, θ, φ, t) =

[∑
k

CkUkr (r, θ, φ)

]
eiωt for E � 1, (4)

where Ck are coefficients and Ukr is the radial velocity of a QGIW mode with an
azimuthal wavenumber m (see § § 4.1 and 4.2 for details). There are three important
features in (4): (i) the expansion functions in terms of QGIW modes are incomp-
lete and do not satisfy all the required boundary conditions; (ii) dependent upon
the value of Pr, the expansion (4) takes either one term or a small number of terms
which are usually not associated with the lowest-order members of QGIW modes, and
(iii) the expansion (4) can be only used for convection in rapidly rotating spheres with
an asymptotically small E. In other words, the expansion (4) reflects or postulates
the underlying physical nature of thermal convection in a rapidly rotating sphere: the
leading-order convection solution for an asymptotically small E � 1 is formed from
either a single or a small number of QGIW modes.

In this paper, we undertake an analysis based on the new asymptotic method as
well as the corresponding fully numerical simulations in a rapidly rotating spherical
shell with a small inner sphere for a wide range of the Prandtl number 0 � Pr � O(1).
A satisfactory quantitative agreement between the new method and fully numerical
simulations is achieved for all cases studied in the asymptotic regime O(10−5) � E �
O(10−6).

This paper also represents an attempt to derive the first explicit analytical expression
for the convection-driven differential rotation near the onset of thermal convection in
the whole fluid sphere. After solving the linear problem of convective instability, the
corresponding weakly nonlinear problem is solved to obtain an analytical expression
for the differential rotation generated by the nonlinear interaction of QGIW modes
through the Reynolds stresses. We show analytically that the mean zonal flow is
quasi-geostrophic, steady and predominant if E is sufficiently small, consistent with
the results of the existing nonlinear numerical simulations.

The remainder of the paper is organized as follows. After discussing the mathe-
matical formulation of thermal convection in § 2, we briefly outline the previous
asymptotic theories in § 3 and the results of our new asymptotic method and analysis
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are presented in § 4. Section 5 closes the paper with a brief summary and some
remarks.

2. Mathematical formulation of the problem
We consider a Boussinesq fluid sphere of radius ro with constant thermal diffusivity

κ , thermal expansion coefficient α and kinematic viscosity ν. The fluid sphere rotates
uniformly with a constant angular velocity Ω in the presence of its own gravitational
field

g = −γ r, (5)

where γ is a positive constant and r is the position vector with its origin at the
centre of the sphere. A traditional heating model (Chandrasekhar 1961; see also
Roberts 1968; Busse 1970; Jones et al. 2000) is adopted, in which the basic unstable
conducting temperature gradient,

∇Ts = −βr, (6)

where β is a positive constant, is produced by a uniform distribution of heat sources
in the whole sphere. The problem of thermal convection, which was first formulated
by Chandrasekhar (1961), is governed by the following three equations:

∂u
∂t

+ u · ∇u + 2Ω × u = − 1

ρ
∇p + γαΘ r + ν∇2u, (7)

∂Θ

∂t
+ u · ∇Θ = βu · r + κ∇2Θ, (8)

∇ · u = 0. (9)

where t is time, ρ is the fluid density, Θ represents the deviation of the temperature
from its static distribution Ts(r), p is the total pressure and u is the three-dimensional
velocity field: u =(us, uφ, uz) in cylindrical polar coordinates (s, φ, z) or u = (ur, uθ , uφ)
in spherical polar coordinates (r, θ, φ). We have absorbed the centrifugal force,
ρΩ × (Ω × r), into the pressure p since it is usually much smaller than the Coriolis
force 2Ω × u (Chandrasekhar 1961). In (7), the term αγΘ r represents the buoyancy
force that drives thermal convection and provides a coupling to the heat equation (8).

We shall employ the radius of the sphere ro as the length scale, 1/Ω as the unit of
time and βr2

o ν/κ as the unit of temperature fluctuation of the system, which leads to
the dimensionless equations

∂u
∂t

+ u · ∇u + 2k × u = −∇p + 2E(RΘ r + ∇2u), (10)

Pr
∂Θ

∂t
+ u · ∇Θ = u · r + 2E∇2Θ, (11)

∇ · u =0, (12)

where k is a unit vector parallel to the axis of rotation. The three non-dimensional
parameters, the Rayleigh number R, the Prandtl number Pr and the Ekman number
E, are defined as

R =
αβγ r4

o

Ωκ
, Pr =

ν

κ
, E =

ν

2Ωr2
o

.
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Note that the relationship between the definition of the Rayleigh number given by
Chandrasekhar (1961) Rch and our Rayleigh number R is R = 2ERch. All the variables
in the rest of the paper will be non-dimensional.

A weakly nonlinear solution near the onset of convection is expanded as

u = ε(u0 + u∗
0) +

ε2

2E
U (r sin θ)φ̂ + · · · ,

p = 2ε(p0 + p∗
0) + ε2(p1 + p∗

1) · · · ,

Θ = ε(Θ0 + Θ∗
0 ) + · · · ,

R =R0 + · · · ,




(13)

where ε is the amplitude of linear convection, U is the differential rotation generated
by the nonlinear interaction of QGIW modes and Z∗ denotes the complex conjugate
of Z. A linear solution of convection is then expressed in the form of an azimuthally
travelling wave

[u0, p0, Θ0](r, θ, φ, t) = [u0, p0, Θ0](r, θ, φ) exp (2iσ t), (14)

where σ is the half-frequency of convection. The leading-order problem for the onset
of convection is governed by

iσ u0 + k × u0 = −∇p0 + E(R0Θ0r + ∇2u0), (15)

iPrσΘ0 = 1
2
u0 · r + E∇2Θ0, (16)

∇ · u0 = 0. (17)

The velocity boundary conditions assumed in this paper are stress-free and impenetr-
able, which give

∂(φ̂ · u0/r)

∂r
=

∂(θ̂ · u0/r)

∂r
= r̂ · u = 0 (18)

at the outer bounding spherical surface r = 1. Perfect thermally conducting boundaries
impose the condition

Θ0 = 0 at r = 1. (19)

Linear solutions of the convection problem defined by (15)–(17) subject to the
boundary conditions (18)–(19) will be sought and discussed in § 4.

For the purpose of comparison, we also undertake fully numerical simulations
for the linear problem in rotating spherical shells. In the numerical simulations, we
expand the velocity u0 as a sum of poloidal (v0) and toroidal vectors (w0):

u0 = ∇ × ∇ × rv0 + ∇ × rw0. (20)

Making use of the above expression and applying r · ∇ × and r · ∇ × ∇ × to (15), we
derive the three independent non-dimensional scalar equations,[

E∇2 + (1 − η)2
(

∂

∂φ
− iσL

)]
∇2v0 + (1 − η)2 Qw0 − (1 − η)4 ER0LΘ0 = 0, (21)

[
E∇2 + (1 − η)2

(
∂

∂φ
− iσL

)]
w0 − (1 − η)2 Qv0 = 0, (22)

[E∇2 − i(1 − η)2σPr]Θ0 + 1
2
(1 − η)2 Lv0 = 0, (23)



326 K. Zhang and X. Liao

where η is the ratio of the inner sphere radius (ri) to the outer sphere radius (ro),
η = ri/ro, and the differential operators, L and Q, are defined as

L = − r2∇2 +
∂

∂r
r2 ∂

∂r
, Q = k · ∇ − 1

2
(Lk · ∇ + k · ∇L).

For full numerics in a rotating spherical shell, the inner sphere is set to be sufficiently
small at η = 0.01 that a solution in the spherical shell can be directly compared to
that obtained in a sphere. Note that the factor (1 − η) comes from the different length
scale, which is the thickness of the spherical shell, used in our numerical simulations.

The assumptions of impenetrable, perfectly thermally conducting and stress free
boundaries impose the following boundary conditions at the inner and outer bounding
spherical surfaces

v0 =Θ0 =
∂2v0

∂r2
=

∂

∂r

(w0

r

)
=0 at ri =

η

(1 − η)
, ro =

1

(1 − η)
. (24)

We shall not discuss the details of the numerical method for solving the linear problem
which was discussed in Zhang (1992) (see also Zhang & Busse 1987).

In this paper, the results such as the critical Rayleigh number Rc (the smallest R0)
for the onset of convection obtained from the full numerics are denoted by a subscript
FNUM while the results derived from the new method are denoted by a subscript
QGIW.

3. Previous theories for E � 1 and Pr/E � 1

To appreciate the distinct features of the new analysis in this paper, it is helpful
to take a brief look at the previous asymptotic theories for the onset of thermal
convection in a rapidly rotating sphere (E � 1) valid for Pr/E � 1.

3.1. Roberts–Busse asymptotic theory

In the Robert–Busse local asymptotic analysis (Roberts 1968; Busse 1970), the velocity
u0 is expressed as a sum of poloidal and toroidal vectors

u0 = ∇ × (kΨ ) + kW, (25)

with Ψ and W being written in the form

(W, Ψ ) = [W (z), Ψ (z)] exp [i(ks + mφ + ωt)] , (26)

where k is the radial wavenumber and m is the azimuthal wavenumber. In other
words, both the radial and azimuthal dependences are assumed to be sinusoidal.
Making use of (25) and applying k · ∇ × and k · ∇ × ∇ × to the momentum equation,
they derived a system of ODEs:

dW

dz
=

[
E

(
k2 +

m2

s2

)
+ i

ω

2

](
k2 +

m2

s2

)
Ψ + imR0Θ0, (27)

dΨ

dz
=

[
E

(
k2 +

m2

s2

)
+ i

ω

2

]
W − zER0Θ0, (28)

zW =

[
2E

(
k2 +

m2

s2

)
+ iPrω

]
Θ0 − imΨ. (29)
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The above three equations can be combined into a single second-order ODE for
W (z):

d2W

dz2
= F(ω̂, R̂0, Pr, s, z, k̂2, m̂)W (z) = 0, (30)

where ω̂, R̂0, k̂
2, m̂ are scaled in accordance with the assumed asymptotic dependence

(1) on which the asymptotic local theory hinges. The second-order ODE (30) is solved
subject to the normal flow boundary condition u0 · r̂ =0 at r = 1:

dW

dz
+ G(ω̂, s, k̂2, m̂)zW (z) = 0 at z =

√
1 − s2 (31)

and

W = 0 at z = 0. (32)

It should be noted that the system (27)–(29) possesses an equatorial symmetry that
allows separation of the solution into two distinct families. The condition (32) selects
the following equatorial symmetry:

(u0s, u0z, u0φ)(s, z, φ) = (u0s, −u0z, u0φ)(s, −z, φ), (33)

which corresponds to the most unstable convection mode (Busse 1970). The other
family with the opposite equatorial symmetry,

(u0s, u0z, u0φ)(s, z, φ) = (−u0s, u0z, −u0φ)(s, −z, φ), (34)

will be not considered in this paper.
Since there is no ∂/∂s involved in either the governing equation (30) or in the

boundary condition (31), (30) has to be solved for a given value of s (the characteristics
of a local asymptotic theory). At the onset of convection, the perturbation is neither
decaying nor growing, which requires

Im[ω̂] = 0. (35)

The minimization of the Rayleigh number over the scaled radial wavenumber k̂, the
scaled azimuthal wavenumber m̂ and the location of the convection s gives

Im

[
∂ω̂

∂k̂

]
=0, Im

[
∂ω̂

∂m̂

]
= 0, Im

[
∂ω̂

∂s

]
=0. (36)

For given values of k̂, m̂ and s, the second-order ODE (30) satisfying the boundary
conditions (31) and (32) can be readily solved numerically. The numerical solution for
the ODE is then used to compute the relevant partial derivatives via an appropriate
scheme of finite differences. An iterative procedure is then employed to solve the four
equations given by (35)–(36) numerically. For example, Busse (1970) found that at
the onset of convection

sc = 0.5004, mc = 0.3003E−1/3, Rc = 3.382E−1/3 for Pr= 1.0. (37)

The dependence of ω on k is always through k2. By implication, the first equation in
(36) gives kc = 0 at R0 = Rc. Consequently, the radial structure of the convection and
the precise asymptotic scaling in the radial direction cannot be determined by the
local asymptotic analysis. Furthermore, there is phase mixing, Re(∂ω/∂s) 	= 0, which
leads to the decay of any initial disturbance near the onset of convection, a critically
important character of the local asymptotic theory first pointed out by Soward (1977).
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3.2. Jones–Soward–Mussa asymptotic theory

In order to remove the phase mixing, Jones et al. (2000) considered the analytic
extension of the entire problem (all variables and parameters) defined by (30)–(32)
onto the complex s-plane. At the onset of convection, they require that both the
complex group velocity and complex phase mixing are zero at s = sc. Hence the
conditions (35)–(36) in the Roberts–Busse asymptotic theory are replaced by

Im[ω̂] = 0, (38)[
∂ω̂

∂k̂

]
complex

=0, (39)

[
∂ω̂

∂m̂

]
complex

= 0,

[
∂ω̂

∂s

]
complex

= 0, (40)

together with the requirements that

Im[R̂0] = 0, Im[m̂] = 0. (41)

While the condition given by (39) gives rise to the complex k̂ = 0, one real unknown
ω̂ and the six unknowns in the three complex unknowns (m̂, R̂0, s) are determined by
solving the seven real equations (one given by (38), four in (40), two in (41)) through
a numerical iteration procedure employing a finite difference scheme. For example,
they found at the onset of convection

sc = 0.5342 − i0.0967, mc = 0.3029E−1/3, Rc =4.117E−1/3 for Pr= 1.0. (42)

Once the values of ω̂c, m̂c and R̂c are determined, the corresponding solution on the
real axis can be constructed such that Im(k̂) = 0 on the real s-axis. It was shown that

∂

∂s
∼ 1

s

∂

∂φ
=O

(
E−1/3

)
,

∂

∂z
= O(1), Rc =O

(
E−1/3

)
for E � 1 and Pr/E � 1.

(43)

They found that the agreement between the asymptotic analysis and full numerics is
satisfactory for Pr � O(1). However, the agreement is poor for Pr � O(0.1) even at a
very small Ekman number E = O(10−6).

In fact, a satisfactory agreement between the asymptotic analysis and full numerics
has not been achieved for moderate Prandtl numbers Pr � O(0.1) in all the previous
asymptotic theories. We believe that the poor agreement for Pr � O(0.1) reflects the
fact that the convective flow spreads out quickly with diminishing Pr. When the
convection becomes less localized, the assumptions leading to the ODEs (27)–(29) or
(30) are no long valid and in the present analysis we must solve the corresponding
system of PDEs discussed below.

4. A new asymptotic method for E � 1 with 0 � Pr/E < ∞
4.1. Hypotheses

The new asymptotic method for the analysis of thermal convection in a rapidly
rotating sphere for 0 � Pr/E < ∞ at E � 1 is based on the following three hypotheses.

The first hypothesis: For an arbitrary small but non-zero E � 1, the asymptotic
analysis for Pr/E � 1 (Roberts 1968; Busse 1970; Jones et al. 2000) suggests that
∂/∂s ∼ ∂/s∂φ = O

(
E−1/3

)
while the asymptotic analysis for Pr/E � 1 (Zhang 1994)
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indicates ∂/∂s ∼ ∂/s∂φ =O(1). It follows that, for the general case 0 � Pr/E < ∞ at
E � 1, we have to assume

O(1) �
∂

∂s
� O

(
E−1/3

)
, O(1) �

1

s

∂

∂φ
� O

(
E−1/3

)
. (44)

In other words, we hypothesize that there exists no simple asymptotic scalings at
E � 1, such as that given by (1) or (2), valid for 0 � Pr/E < ∞. However, we shall
always assume that the flow has columnar structure (quasi-geostrophic)

∂

∂z
� O(1). (45)

A consequence of this hypothesis is that we must solve PDEs for convection given
by (15–17).

The second hypothesis: For an arbitrary small but non-zero E � 1, the asymptotic
analysis for Pr/E � 1 (Roberts 1968; Busse 1970; Jones et al. 2000) suggest that the
Ekman boundary layer (hence the type of the velocity boundary condition) does not
play a leading role. However, the asymptotic analysis for Pr/E � 1 (Zhang 1994)
indicates that the Ekman boundary layer, even in the case of stress-free boundaries,
plays an essential role. For the general case 0 � Pr/E < ∞ at E � 1, we hypothesize
that there always exists a boundary flow, ũ0, that is non-zero only in the Ekman
boundary layer on the bounding spherical surface such that

r̂ · ∇
[ r
r2

× (u0 + ũ0)
]
= 0, (46)

even though the effect of the Ekman boundary layer on convection may be of secon-
dary importance in the case of stress-free boundaries with Pr � O(1).

The third hypothesis: For an arbitrary small but non-zero E � 1, the leading-order
velocity of convection u0 at Pr/E → 0 is given by a single QGIW mode

u0 = (U1 + Ũ1)e
2iσ t , (47)

where U1(s, z, φ) is a quadratic polynomial of s and z with m-periodicity (m � 1) in
the azimuthal direction, Ũ1 is the Ekman-boundary-layer flow and U1 satisfies

iσ1U1 + ẑ × U1 = −∇P1, (48)

∇ · U1 = 0, (49)

subject to

r̂ · U1 = 0, (50)

where σ1 is the half-frequency of the QGIW mode. When Pr/E increases, we anti-
cipate that more than one QGIW modes with the higher degree of polynomials
are convectively excited and coupled together. This leads to the hypothesis that the
leading-order velocity of thermal convection for 0 � Pr/E < ∞ is expressed in the
form

u0 =
∑
N

[CN (UN + ŨN )]e2iσ t , (51)

where CN are complex coefficients and UN (s, z, φ) represents a QGIW mode satisfying

iσNUN + ẑ × UN = −∇PN, (52)

∇ · UN = 0, (53)
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which are subject to

|σN | � 1, r̂ · UN = 0 at r = 1, (54)

where UN is a polynomial of s and z of degree 2N with m-periodicity (m � 1) in
the azimuthal direction and σN is the half-frequency of a QGIW mode UN . In the
expansion (51), we introduce the Ekman-layer flow ŨN for a stress-free boundary
such that (UN + ŨN ) satisfies

r̂ · ∇
[ r
r2

× (UN + ŨN )
]
= 0. (55)

Our analysis is asymptotic in the sense that it is valid only for an asymptotically
small Ekman number E � 1. In comparison with the previous asymptotic analysis,
there is no restriction on the size of Pr/E in the present analysis.

It is worth mentioning that the unanswered mathematical question regarding the
completeness of the inviscid inertial modes, raised by Greenspan (1968), is irrelevant
to the new method. Our assumption is only concerned with the underlying nature
of thermal convection in a rapidly rotating sphere: the leading-order convective flow
consists of either a single or a small number of QGIW modes with low frequencies
|σN | � 1.

4.2. QGIW (quasi-geostrophic-inertial-wave) modes

A general explicit expression for QGIW modes in a rotating sphere was recently found
by Zhang et al. (2001)(see also Liao, Zhang & Earnshaw 2001). For the analysis of the
convection problem, it is mathematically convenient to express the QGIW modes (i.e.
solutions of (52)–(53) satisfying the boundary condition (54)) using spherical polar
coordinates

UN =[r̂ · UN, φ̂ · UN, θ̂ · UN ] =
1

QN

[iUNr, UNφ, iUNθ ]e
imφ, (56)

where the three real functions (UNr, UNφ, UNθ ) are given by

UNθ = −
N∑

i=0

N−i∑
j=0

rm+2(i+j )−1CijmNσ 2i−1
N

(
1 − σ 2

N

)j−1
sinm+2j−1 θ cos2i−1 θ

×
[
σN (m + mσN + 2jσN ) cos2 θ + 2i

(
1 − σ 2

N

)
sin2 θ

]
, (57)

UNφ =

N∑
i=0

N−i∑
j=0

rm+2(i+j )−1CijmN sinm+2j−1 θ cos2i θσ 2i
N

(
1−σ 2

N

)j−1
(m+mσN +2j ), (58)

UNr = −
N∑

i=0

N−i∑
j=0

rm+2(i+j )−1CijmNσ 2i−1
N

(
1 − σ 2

N

)j−1
sinm+2j θ cos2i θ

×
[
σN (m + mσN + 2jσN ) − 2i

(
1 − σ 2

N

)]
. (59)

In (57)–(59), N is a positive integer and CijmN is defined as

CijmN =
(−1)i+j [2(N + i + j + m) − 1]!!

2j+1(2i − 1)!!(N − i − j )!i!j!(m + j )!
,
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N σN

1 −0.12826577307
2 −0.07250885363
3 −0.04840665659
4 −0.03511732822
5 −0.02683168605
6 −0.02125438088
7 −0.01729489865
8 −0.01437061081
9 −0.01214348353

10 −0.01040492969

Table 1. Examples of half-frequencies σN for quasi-geostrophic-inertial-wave (QGIW) modes
obtained from (62) at m= 8 for different values of N .

where n! and (2n − 1)!! are defined as

n! = n(n − 1) · · · (2)(1), (2n − 1)!! = (2n − 1)(2n − 3) · · · (3)(1).

All the QGIW modes have equatorial symmetry (33) and the normalization factor
QN is given by

Q2
N =

N∑
i=0

N−i∑
j=0

N∑
k=0

N−k∑
l=0

π2j+l+m−1CijmNCklmNσ
2(i+k−1)
N

(
1 − σ 2

N

)j+l

× (m + j + l − 1)!(2i + 2k − 3)!!

[2(m + j + l + i + k) + 1)!!

{
σ 2

NSjl[2(i + k) − 1]

1 − σ 2
N

+ 8ik(m + j + l)

}
, (60)

where

Sjl = (2jσN + mσN + m)(2lσN + mσN + m) + (2j + mσN + m)(2l + mσN + m).

We choose ∫
V

UN · U∗
M dV = δNM. (61)

Except for the special case Pr/E → 0, we are interested in the QGIW modes
characterized by |σN | � 1. For a non-zero azimuthal wavenumber m, there are 2N
different inertial-wave modes whose half-frequencies σN satisfy

0 = m +

N−1∑
j=0

(−1)j+N

{
N![2(2N + m − j )]!(N + m)!

[2(N − j )]![2(N + m)]!j!(2N + m − j )!

}

×[mσN − 2(1 − σN )(N − j )]σ 2N−2j−1
N , (62)

which results from the normal flow condition UNr = 0 at r = 1 given by (59). Among
2N different inertial-wave modes for a given N and m, QGIW modes correspond
to the inertial-wave modes that are travelling slowly in the azimuthal direction with
|σN | � 1. Several examples of σN for the QGIW modes obtained from (62) at m =8
with different values of N are given in table 1.

4.3. Formulation

Substituting (51) into the momentum equation, multiplying the resulting equation by
U∗

M , the complex conjugate of UM , and integrating the equation over the sphere, we
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obtain

CM i(σ − σM ) = E

(
R0

∫
V

U∗
M · rΘ dV + 2

∑
N

CN

∫
S

U∗
M · UN dS

)

− E

(∑
N

CN

∫
V

∇ × U∗
M · ∇ × UN dV

)
, M = 1, 2, 3, . . . , (63)

where σM is the half-frequency of a QGIW mode UM ,
∫

V
dV represents the volume

integral over the sphere and
∫

S
dS represents the surface integral over the outer

spherical surface at r =1. In deriving (63), we have used the properties∫
V

U∗
M · ∇PN dV = 0,∫

V

U∗
M · (k × UN ) dV = −iσMδMN,∫

V

U∗
M · ∇2(UN + ŨN ) dV = 2

∫
S

U∗
M · UN dS −

∫
V

∇ × U∗
M · ∇ × UN dV.




(64)

Using the analytical expression for QGIW modes given by (57)–(59), all the integrals
in (64) can be explicitly evaluated. The surface integral is given by

GMN =

∫
S

U∗
M · UN dS

=

N∑
i=0

N−i∑
j=0

M∑
k=0

M−k∑
l=0

π2j+l+m−1 CijmN

QN

CklmM

QM

σ 2i−1
N σ 2k−1

M

(
1 − σ 2

N

)j(
1 − σ 2

M

)l

× (m + j + l − 1)!(2i + 2k − 3)!!

[2(m + j + l + i + k) − 1]!!

{
σNσML̂[2(i + k) − 1](

1 − σ 2
N

)(
1 − σ 2

M

) + 8ik(m + j + l)

}
,

(65)

where

L̂= (2jσN + mσN + m)(2lσM + mσM + m) + (2j + mσN + m)(2l + mσM + m).

The volume integral in (64) is given by

FMN =

∫
V

∇ × U∗
M · ∇ × UN dV

=

N∑
i=0

N−i∑
j=0

M∑
k=0

M−k∑
l=0

π2j+l+m−1 CijmN

QN

CklmM

QM

σ 2i−1
N σ 2k−2

M

(
1 − σ 2

N

)j(
1 − σ 2

M

)l

× (m + j + l − 1)!(2i + 2k − 3)!!

[2(m + j + l + i + k) − 1]!!

×
{

σNσML̂4ik[2(i + k) − 3](
1 − σ 2

N

)(
1 − σ 2

M

) + 8ik(2i − 1)(2k − 1)(m + j + l)

}
. (66)

With the analytical expression r · u0 available, we can solve the heat equation (16)
by expanding the temperature Θ0 in terms of spherical harmonics (P m

l (θ)eimφ) and
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spherical Bessel functions jl(r), which leads to

Θ0 =
∑
l,k,N

CNP m
l (cos θ)jl(ξkr)

4πj 2
l+1(ξlk)

(
Eξ 2

lk + iσPr
) ∫

V

UN · rP m
l (cos θ)jl(ξlkr) dV (67)

and ∫
V

U∗
M · rΘ0 dV =

∑
N

CNZMN, (68)

where

ZMN =
∑
l,k

(
Eξ 2

lk − iσPr
)

4π
(
E2ξ 4

lk + σ 2Pr2
)
j 2
l+1(ξlk)

[∫
V

U∗
M · rP m

l jl(ξlkr) dV

∫
V

UN · rP m
l jl(ξlkr) dV

]

with
1

4π

∫
S

[
P m

l (cos θ)eimφ
][

P m
n (cos θ)eimφ

]∗
dS = δln.

The value of ξlk is chosen such that

jl(ξlk) = 0, 0 < ξl1 < ξl2 <ξl3 < · · · for l = m, m + 2, m + 4 · · · .
The problem for the onset of thermal convection then reduces to solutions of the
algebraic equation

CM i(σ − σM ) = E
∑
N

(R0ZMN − FMN + 2GMN ) CN for M =1, 2, 3, . . . , (69)

which is valid for 0 � Pr/E < ∞ at E � 1. For given E, m, Pr and the half-frequencies
σN of QGIW modes (such as those shown in table 1), (69) can be readily solved to
determine the values of R0, σ and the complex coefficients CN, N = 1, 2, 3 . . . , for the
onset of convection. The smallest Rayleigh number obtained, denoted by (Rc)QGIW,
represents the critical or most unstable mode of thermal convection in a rapidly
rotating sphere.

4.4. The limit Pr/E → 0

In the limit Pr/E → 0, different QGIW modes in (69) are completely decoupled since
the right-hand side of the equation becomes independent of σ . In consequence, the
summation of the QGIW modes in (63) or on the right-hand side of (69) reduces to
a single QGIW mode, UK , with its half-frequency σK . By replacing the summation∑

N with a single term and letting σ = σM , M =N = K and CK = (1, 0), (69) becomes

0 = R0ZKK − FKK + 2GKK. (70)

In other words, the half-frequency σ and the Rayleigh number R0 at the onset of
convection in the limit Pr/E → 0 for a given azimuthal wavenumber m are

σ = σK, (71)

R0 =
1

ZKK

[
−2

∫
S

U∗
K · UK dS +

∫
V

∇ × U∗
K · ∇ × UK dV

]
. (72)

The most unstable convection mode in a rapidly rotating sphere in the limit Pr/E → 0
is found by calculating (72) for different wavenumbers m and K . When m = 1 and
K = 1, we found that the Rayleigh number R0 reaches its minimum, which yields

mc = 1, Rc = 1.1254 × 104E, σc = 1
3

(
1 + 2

√
2
5

)
for Pr/E → 0. (73)
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(a) (b)

Figure 1. Contours of the radial velocity u0s (a) and u0φ (b) in the equatorial plane (z =0)
for mc = 1 and σc = 0.7550. Solid contours indicate u0s > 0 (u0φ > 0) while dashed contours
correspond to u0s < 0 (u0φ < 0).

E (Rc)QGIW (σc)QGIW (Rc)FNUM (σc)FNUM

5 × 10−4 5.627 0.7550 5.104 0.7550
5 × 10−5 0.5627 0.7550 0.542 0.7550
5 × 10−6 0.05627 0.7550 0.056 0.7550

Table 2. Comparison between the asymptotic and fully numerical results for the onset of
convection in the limit Pr/E → 0 with mc =1.

The corresponding analytical solution for the convective flow u0 can be written as

u0s = 15
8

(
1 +

√
2
5

) [
1 − s2 − 5

9

(
13
3

+ 4
√

2
5

)
z2

]
sin

[
2
3
t
(
1 + 2

√
2
5

)
+ φ

]
, (74)

u0φ = 15
8

(
1 +

√
2
5

) [
1 − 5

9

(
5 +

√
2
5

) (
1 −

√
2
5

)
s2 − 5

9

(
13
5

+ 4
√

2
5

)
z2

]
× cos

[
2
3
t
(
1 + 2

√
2
5

)
+ φ

]
, (75)

u0z = 15
6

(
1 + 2

√
2
5

)
sz sin

[
2
3
t
(
1 + 2

√
2
5

)
+ φ

]
. (76)

Typical structure of the convective flow is shown in figure 1. It should be pointed out
that, since there are no phase shifts in the radial direction of the flow, the differential
rotation cannot be maintained by the Reynolds stresses of the convection in the form
of a single inertial-wave mode given by (74)–(76).

We have also carried out the corresponding fully numerical simulations by solving
(21)–(23) at Pr= 0 for different values of E. Both the asymptotic and fully numerical
results are shown table 2. A satisfactory agreement between the asymptotic relation
given by (73) and the corresponding full numerics is achieved. Note that the values
of (Rc)QGIW in table 2 for different values of E are calculated from the asymptotic
relation (73).
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Pr (Rc, mc, σc)FNUM (Rc, mc, σc)QGIW

0.023 (4.139, 1, −0.08722) (4.161, 1, −0.08721)
0.10 (56.96, 1, −0.08390) (56.96, 1, −0.08390)
0.25 (122.3, 5, −0.02833) (122.6, 5, −0.02827)
0.70 (217.7, 7, −0.01956) (216.9, 7, −0.01951)
1.00 (264.6, 8, −0.01633) (263.5, 8, −0.01632)
7.00 (470.2, 12, −0.003177) (468.6, 12, −0.003160)

Table 3. The critical Rayleigh numbers Rc , the preferred wavenumbers mc and
half-frequencies σc at the onset of convection for E = 5 × 10−5 with various Prandtl numbers.

4.5. The general case 0 <Pr/E < ∞
We expect two primary effects when Pr increases from the limit Pr/E → 0. First, more
than one QGIW modes would be excited and sustained by thermal convection because
the non-zero Pr in (69) couples a dominant QGIW mode with the neighbouring
QGIW modes. Second, the interaction of different QGIW modes would result in the
radial phase shift (spiralling) of the columnar convection roll and hence produce large
Reynolds stresses (Zhang 1992).

Our discussion will focus on the two small Ekman numbers E =5 × 10−5 and
E = 5 × 10−6 for a wide range of the Prandtl number 0.023 � Pr � 7.0, where Pr =
0.023 represents liquid gallium, which has been used in laboratory experiments (for
example, Aurnou & Olson 2000; Aubert et al. 2001) and Pr= 7.0 is for water at room
temperature. Our calculation to find critical value of the Rayleigh number Rc, the
preferred azimuthal wavenumber mc and the corresponding half-frequency σc for the
onset of convection is systematic. For a given value of E and Pr, we have calculated
all the relevant convection modes by solving (69) for various azimuthal wavenumbers
in order to determine the critical mode that gives rise to the smallest Rayleigh number.

Table 3 shows two sets of the critical Rayleigh number Rc, the preferred wave-
number mc and the corresponding half-frequency σc obtained at E = 5 × 10−5 for
various values of Pr. One (with subscript QGIW) is obtained from the new method
in a rotating sphere and the other (with subscript FNUM) is calculated from fully
numerical simulations in a thick spherical shell with a small inner core ri/ro = 0.01.
A satisfactory agreement between them is reached for all values of Pr.

The convection solutions obtained from the new method and the full numerics are
very much alike in spatial structure, an example of which is displayed in figure 2
for E = 5 × 10−5 and Pr =0.25 with mc = 5. Some noticeable differences between the
meridional plots are attributable to the different choices of meridional planes. It
should be also pointed out that the new solution shown in figure 2(a) does not satisfy
the stress-free boundary condition while the fully numerical solution satisfies all the
required boundary conditions. However, the stress-free condition has been taken into
account in the analysis for determining the critical parameters in connection with the
vanishing surface integral in (64). An interesting question is which and how many
QGIW modes are excited and sustained by convective instability. Table 4 displays the
values of coefficients |CN | and the corresponding half-frequencies σN of the dominant
QGIW modes. Note that the degree of polynomial for a QGIW mode UN is 2N . At
Pr = 0.023, the convection is dominated by a single QGIW mode with N = 1, similar
to that in the limit Pr/E → 0. At Pr= 0.25, the chief dominant QGIW mode is shifted
to N = 3 (with a polynomial of degree 6). Furthermore, the neighbouring modes
with N = 4, 2, 5 also make significant contributions at Pr = 0.25. It is the coupling of
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(a)

(b)

Figure 2. Contours of the radial velocity u0s in the equatorial plane (left) and in a meridional
plane (right) for E = 5 × 10−5 and Pr = 0.25. The solution in the full sphere based on the new
method is shown in (a) while the corresponding fully numerical solution in a spherical shell
with a small inner core is displayed in (b). Solid contours indicate u0s > 0 and dashed contours
correspond to u0s < 0.

N |CN | σN

3 1.0000 −0.04353
4 0.8652 −0.03030
2 0.5309 −0.06887
5 0.4756 −0.02241
6 0.1752 −0.01729

Table 4. Dominant coefficients |CN | and the corresponding half-frequencies σN derived from
(69) for E = 5 × 10−5, Pr = 0.25 with the critical parameters at the onset of convection
(Rc)QGIW = 122.6, (mc)QGIW =5, and (σc)QGIW = −0.02827.

the neighbouring QGIW modes which is responsible for the spiralling structure of
convection illustrated in figure 2.

When Pr increases further, both the critical wavenumber and the degree of the chief
dominant QGIW mode increases accordingly. Figures 3 and 4 show the convection
solutions obtained from the new method and full numerics at E = 5 × 10−5 for Pr= 0.7
and Pr = 1.0, respectively. Again both the solutions from the new method based on
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(a)

(b)

Figure 3. Contours of u0s in the equatorial plane (left) and in a meridional plane (right)
for E = 5 × 10−5 and Pr = 0.7 with mc = 7. The solution in the full sphere based on the new
method is shown in (a) while the corresponding fully numerical solution in a spherical shell
with a small inner core is displayed in (b).

N |CN | σN

4 1.0000 −0.03393
3 0.9884 −0.04731
5 0.6607 −0.02568
2 0.5041 −0.07194
6 0.3068 −0.02019
7 0.1078 −0.01632

Table 5. Dominant coefficients |CN | and the corresponding half-frequencies σN of QGIW
modes derived from (69) for E = 5 × 10−5 and Pr = 0.7 with the critical parameters for the
onset of convection (Rc)QGIW =216.9, (mc)QGIW = 7 and (σc)QGIW = −0.01951.

QGIW modes and fully numerical simulations show very similar spatial structures.
Tables 5 and 6 provide the values of coefficients |CN | and the corresponding half-
frequencies σN of the dominant QGIW modes. For both the cases, the chief dominant
QGIW mode is represented by a polynomial of degree 8.

At a smaller Ekman number E = 5 × 10−6, all the main characteristics of convection
remain the same as those for E = 5 × 10−5. Table 7 shows the two sets of critical
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(a)

(b)

Figure 4. As figure 3 but for Pr= 1.0 with mc = 8.

N |CN | σN

4 1.00000 −0.035117
3 0.97756 −0.048407
5 0.66964 −0.026832
2 0.52343 −0.072509
6 0.32031 −0.021254
7 0.11696 −0.017295

Table 6. Dominant coefficients |CN | and the corresponding half-frequencies σN derived from
(69) for E = 5 × 10−5 and Pr =1.0 with the critical parameters at the onset of convection
(Rc)QGIW = 263.5, (mc)QGIW =8 and (σc)QGIW = −0.01632.

Rayleigh numbers, preferred wavenumbers and half-frequencies obtained at E =
5 × 10−6, showing again a satisfactory agreement between the results obtained from
the new method and full numerics. For a sufficiently small Pr, for example, Pr =0.023,
the convection is dominated by a single equatorial-attached inertial mode (Zhang &
Busse 1987; Zhang 1994) with mc = 8 described by a quadratic polynomial of z

and s. At a moderately small Pr = 0.05, a combination of several QGIW modes
with the wavenumber mc =8 and polynomials of degrees 8, 10, 12 are excited and
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Pr (Rc, mc, σc)FNUM (Rc, mc, σc)QGIW

0.023 (30.25, 8, −0.1246) (30.10, 8, −0.1244)
0.05 (94.00, 8, −0.02823) (93.37, 8, −0.02796)
0.10 (145.2, 11, −0.02110) (146.0, 11, −0.02099)
0.70 (424.1, 16, −0.009528) (427.0, 16, −0.009525)
1.00 (519.8, 17, −0.007778) (515.1, 17, −0.007809)

Table 7. The critical Rayleigh numbers, the corresponding preferred wavenumbers and half-
frequencies at the onset of convection at E = 5 × 10−6 for various Prandtl numbers. The full
numerical solutions are obtained in a rotating spherical shell with a small inner sphere at
ri/ro = 0.01.

N |CN | σN

4 1.00000 −0.035117
5 0.79981 −0.026832
6 0.51072 −0.021254
3 0.36916 −0.048407
7 0.46908 −0.037259
9 0.22486 −0.017295
8 0.07667 −0.014371

Table 8. Dominant coefficients |CN | and the corresponding half-frequencies σN derived from
(69) for E = 5 × 10−6 and Pr =0.05 with the critical parameters at the onset of convection
(Rc)QGIW = 93.37, (mc)QGIW = 8 and (σc)QGIW = −0.02796.

N |CN | σN

6 1.00000 −0.023470
5 0.88285 −0.029094
7 0.80574 −0.001940
8 0.47288 −0.016334
4 0.46908 −0.037259
9 0.21276 −0.013964

10 0.08064 −0.012089

Table 9. Dominant coefficients CN and the corresponding half-frequencies σN of the QGIW
modes derived from (69) for E = 5 × 10−6 and Pr = 0.1 with the critical parameters for the
onset of convection (Rc)QGIW =146.0, (mc)QGIW = 11 and (σc)QGIW = −0.02099.

sustained by thermal instability, which is shown in table 8. When Pr increases
to 0.1, the degree of the chief QGIW mode UN increases to degree 12 (table 9)
while the degree of the chief QGIW mode at Pr = 1.0 becomes 16. The structure
of convection solutions obtained from the new method and full numerics are very
similar and two examples are shown in figure 5 for Pr =0.05 and Pr = 0.1. When
the Ekman number is reduced further to E = 10−6 for Pr= 0.023, we obtain a multi-
humped convection mode which was first found by Ardes et al. (1997). In this case,
the new method gives rise to (Rc)QGIW = 90.01, (mc)QGIW = 11 and (σc)QGIW = −0.0254
while the full numerics yields (Rc)FNUM = 91.98,(mc)FNUM =11 and(σc)FNUM = −0.0257.
In figure 6, we show the structure of both the equatorial-attached and multi-
humped convection modes for Pr= 0.023 obtained from the new method and full
numerics.



340 K. Zhang and X. Liao

(a)

(b)

Figure 5. Contours of the radial velocity u0s in the equatorial plane for E = 5 × 10−6. The
solutions in the full sphere based on the new method are shown in (a) while the fully numerical
solutions in a shell with a small inner core are displayed in (b). Left: for Pr = 0.05 with mc =8;
right: Pr= 0.1 with mc = 11.

In summary, we found a satisfactory agreement between the new method and full
numerics for a wide range of the Prandtl number at E � 1. Our anticipation that the
convective motion in a rapidly rotating sphere (E � 1) at the onset of convection,
dependent upon the size of Pr/E, consists of either a single or several QGIW modes
excited and sustained by thermal instabilities is confirmed.

4.6. Differential rotation

On the basis of a linear convection solution, we can determine both the amplitude
and the profile of the convection-driven differential rotation U (s) explicitly in terms of
the dominant coefficients CN given in previous tables such as table 9. We consider the
φ-component of the momentum equation for the O(ε2) problem in expansion (13):

φ̂ · [∇ × (u0 + u∗
0) × (u0 + u∗

0) + ∇p1] = φ̂ · ∇2(φ̂U (s)), (77)

where u0 is the linear solution at the onset of convection. Taking an azimuthal average
of (77), we obtain

φ̂ · [(∇ × u0 × u∗
0) + (∇ × u∗

0 × u0)] = −φ̂ · ∇ × ∇ × (φ̂U (s)). (78)
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(a)

(b)

Figure 6. Contours of the radial velocity u0s in the equatorial plane for Pr = 0.023. The
solutions in the full sphere based on the new method are shown in (a) while the fully
numerical solutions in a spherical shell with a small inner core are displayed in (b). Left:
E = 5 × 10−6 with mc =8; right: E = 10−6 with mc =11.

In deriving the differential rotation U (s), it is more convenient to express a QGIW
mode in cylindrical polar coordinates (s, φ, z)

UN = [ŝ · UN, φ̂ · UN, ẑ · UN ] = [iUsN, UφN, iUzN ]eimφ,

where the three real functions (UNs, UNφ, UNz), to leading approximation, can be
written as

UzN = z

N−1∑
j=0

C1jmN

QN

2σNsm+2j + O
(
σ 3

N

)
, (79)

UsN = −
N∑

j=0

C0jmN

QN

(m + mσN + 2jσN )sm+2j−1 + O
(
σ 2

N

)
, (80)

UφN =

N∑
j=0

C0jmN

QN

(m + mσN + 2j )sm+2j−1 + O
(
σ 2

N

)
, (81)
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where m =mc � 1. Making use of expansion (51), we can rewrite (78) in the form∑
N,K

Im[CNC∗
K − C∗

NCK ]
1

σN

∂UzN

∂z
UsK = −φ̂ · ∇ × ∇ × (φ̂U (s)). (82)

By using the linear solution at the onset of convection, a second-order differential
equation for U (s) is derived:

d

ds

[
1

s

d

ds
(sU ))

]
=

∑
N,K

1

QKQN

Im[CNC∗
K − C∗

NCK ]

×
[

N−1∑
j=0

K∑
l=0

C1jmNC0lmK

(
1 − σ 2

N

)j(
1 − σ 2

K

)l−1
(2lσK + mσK + m)s2(j+l+m)−1

]
, (83)

which can be readily solved together with the condition of the conservation of the
total angular momentum in the fluid sphere∫ 1

0

∫ π

0

U (r sin θ)r3 sin2 θ dr dθ = 0. (84)

The solution of (83) yields an analytical expression for the mean flow produced by
the nonlinear interaction of the convectively excited QGIW modes with a wave-
number m

U (s) = s
∑
N,K

1

QKQN

Im

[
CNC∗

K − C∗
NCK

] N−1∑
j=0

K∑
l=0

C1jmNC0lmK

(
1 − σ 2

N

)j(
1 − σ 2

K

)l−1

× (2lσK + mσK + m)

4(j + l + m)(j + m + l + 1)

[
s2(j+l+m) − 2j+l+m15(j + l + m + 1)!

[2(j + l + m) + 5][2(j + l + m + 3)]!!

]
.

(85)

It follows that the differential rotation U (s) can be explicitly computed by using the
values of CN and σN given in previous tables. This is the first explicit analytical
expression for the convection-driven differential rotation in a rapidly rotating
sphere.

There are two interesting features of the solution of the differential rotation driven
by convection. First, it is geostrophic at the leading order, i.e. the flow profile
is independent of the z-coordinate. More significantly, the amplitude of the mean
flow, given by (ε2/E), can be much larger than the amplitude of the convection ε

when E is sufficiently small (E � ε), which is in agreement with the existing numerical
simulations. Two examples of the mean flow profile U (s) are shown in figure 7 for
E = 5 × 10−5 at Pr =1.0 and for E = 5 × 10−6 at Pr= 0.05, which resemble those
obtained from fully numerical simulations (e.g. Zhang 1992; Tilgner & Busse 1997,
1998). Both the linear solutions have the critical wavenumber mc = 8 (see figures 4
and 5). The location of the maximum of U (s) corresponds to the location of the
convective rolls.

Greenspan (1969) demonstrated that there are no resonant nonlinear interactions of
discrete inertial modes which can generate a strong differential rotation in a rotating
inviscid fluid. His conclusion is not applicable to the present problem in which it is
the nonlinear interaction of the convection modes defined by (51)–(53) that generates
the differential rotation (85) in a rotating viscous fluid sphere. In other words, the



Convection in a rapidly rotating sphere 343

1.0

0.8

0.6

0.4

0.2

0U(s)

–0.2

–0.4

–0.6

–0.8

–1.0

0 0.1 0.2 0.3 0.4 0.5
s

0.6 0.7 0.8 0.9 1.0

Figure 7. Normalized mean flows U (s) as a function of s. Dashed line is for E = 5 × 10−5 and
Pr = 1.0 and solid line is for E = 5 × 10−6 and Pr= 0.05. In both the cases, the most unstable
modes of linear convection have the preferred wavenumber mc =8.

essential mechanism of the mean flow generation here is the same as that discussed
by Busse (1976, 1983) and our governing equation (83) for the differential rotation is
similar to equation (5.3a) in Busse (1983).

5. Concluding remarks
The subject of rotating fluid dynamics has been traditionally divided into two

important but usually separate branches: the inertial-oscillation problem and the
convective instability problem. The inertial problem describes the motion of an
inviscid fluid in a rotating container, influenced weakly by viscous dissipation that
mainly occurs near the walls in Ekman boundary layers. In the convection problem,
internal viscous dissipation usually plays a key role in determining the basic properties
of thermal convection in rotating fluids with an additional heat equation for the supply
of energy. A classical treatment of the inertial problem in rotating fluids was given in
Greenspan’s (1968) monograph while a classical treatment of the convective problem
in rotating fluids was given in Chandrasekhar’s (1961) monograph.

An important contribution made by the analysis of this paper is to unite the
two previously disjointed subjects in a rapidly rotating fluid sphere. We are able to
demonstrate that the convective motion at very small Prandtl numbers Pr/E → 0 is
represented essentially by a single QGIW mode. In this case, the inertial wave carries
the temperature and associated density differences passively and the buoyancy force
maintains the convection against the weak viscous dissipation which primarily takes
place in the Ekman boundary layers. The mean flow cannot be generated by the
single QGIW mode. As the Prandtl number increases, more QGIW modes of higher
degree are excited so that the viscous dissipation occurs in both the Ekman boundary
layer and the interior. The nonlinear interaction of the convectively excited QGIW
modes through the Reynolds stresses generates a strong zonal flow whose amplitude
may be much larger than that of the most unstable non-axisymmetric convection.
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ri/ro (Rc)FNUM (σc)FNUM

0.05 520.10 −0.007783
0.1 519.94 −0.007779
0.2 519.79 −0.007778
0.3 519.75 −0.007777
0.4 517.22 −0.007820
0.45 526.34 −0.008142
0.5 564.49 −0.008676

Table 10. The Rayleigh numbers and the corresponding half-frequencies at the onset of
convection for E = 5 × 10−6 with various values of ri/ro for m= 17 and Pr= 1.0.

Theoretically speaking, the asymptotic theories for the highly localized convection
(Roberts 1968; Busse 1970; Jones et al. 2000) would be valid for any value of Pr
as long as Pr/E � 1 is satisfied. However, a satisfactory agreement between the
asymptotic theories for the localized convection and full numerics has not been
reached for Pr � O(0.1), even at very small Ekman numbers E � O(10−6). We believe
that there are two possible explanations of why the agreement is poor for moderate
values of Pr. The first is that Pr/E =O(105) is still too small to be in the correct
asymptotic regime for the theories. The second explanation may be that the nature
of small-Pr convection, as shown in figure 6 for Pr= 0.023 (see also Simitev & Busse
2003), is characteristically different from that for Pr � O(1).

Evidently, our new method can only be applicable to the convection problem in
the whole sphere because an analytical expression for QGIW modes in a rotating
spherical shell is not available. However, the presence of the inner core usually exerts
insignificant influence on convection in rotating spherical shells when the size of the
inner sphere is moderate (Busse & Cuong 1979; Dormy et al. 2004). To examine
the effects of the inner sphere we can gradually increase η = ri/ro while keeping all
the other parameters unchanged. It is found that, for example at E = 5 × 10−6 with
Pr= 1.0, the effect of the inner core on the main properties of convection is largely
insignificant if η < 0.45, which is shown in table 10.

The type of the velocity boundary condition, whether it is stress free or non slip,
does not enter the leading-order asymptotic theories for highly localized convection
(Roberts 1968; Busse 1970; Soward 1977; Jones et al. 2000). The study in this paper
is only concerned with convection in rapidly rotating spheres that have stress-free
boundaries. It is the stress-free condition that enables us to derive a relatively simple
algebraic equation (69) describing the onset of convection. While we expect weak
influence of the velocity boundary condition on convection for moderate or large
Prandtl numbers, the velocity boundary condition plays a critical role in determining
the general properties of convection for small Prandtl numbers. However, it is not
straightforward to extend the present method for the stress-free condition to that
for rigid boundaries. This is because a general analytical expression for the spherical
Ekman layers for all the QGIW modes is required and a matching between the
Ekman boundary layers for all the QGIW modes and the interior convection solution
must be be carried out. This important issue will be addressed in a future paper.

We are grateful to Professors F.H. Busse, C. A. Jones and P.H. Roberts for
discussions on the problem. K. Z. is supported by UK PPARC and NERC grants
while X. L. is supported by UK Royal Society and China NSF grants.
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